a b s t r a c t Pierre Gy's theory for the sampling of particulate materials is widely applied and taught. A crucial part of Gy's theory deals with the estimation, prediction and minimization of the variance of the Fundamental Sampling Error using a formula that is known as ''Gy's formula''. Experimental evidence, however, supports the conclusion that Gy's formula is inaccurate.
Introduction
Pierre Gy's Theory of Sampling (Gy, 1979 (Gy, , 1988 ) is currently a widely applied and taught theory in the field of mining and minerals engineering (e.g. Dihalu and Geelhoed, 2010; Minnitt and Assibey-Bonsu, 2010; Holmes, 2010; Pitard, 2010 ). Gy's Theory of Sampling (TOS) deals with many issues related to sampling and a crucial part of Gy's TOS consists of the prediction, estimation or minimization of the variance of the ''Fundamental Sampling Error'', denoted here by Var(FSE). Var(FSE) can be regarded as the relative variance of the sampling error that is obtained under thorough mixing of the population prior to sampling (Gy, 1979 (Gy, , 1988 . Var(FSE) is in Gy's TOS considered to be a minimum possible variance: for incomplete or partial mixing, the actual relative variance will be higher than this minimum. The existence of a minimum relative variance under complete mixing is also a feature of the theory of Visman (1947) in which the sampling variance is modeled as the sum of a composition variance and a distribution variance. The theory of Visman (1947) was developed prior to the inception of Gy's TOS in the 1950s (Gy, 2004a ) and Gy's early work contains references to the work of Visman (e.g. Gy, 1967) . The concepts of Constitution Heterogeneity (CH) and Distribution Heterogeneity (DH) in Gy's TOS (see e.g. Gy, 1979 Gy, , 1988 mirror the composition variance and distribution variance in Visman's (1947) theory.
Gy's TOS provides a prediction for the value of the variance of the Fundamental Sampling Error, Var(FSE), based on the properties of the population from which the sample is taken and the sample mass:
where Var Gy (FSE) is the prediction made by Gy's TOS for Var(FSE), f is particle shape factor, g is size range factor of the particles in the population, l is liberation factor of the particles in the population, c is mineralogical composition factor of the particles in the population, D is typical particle size, and M sample is the mass (or weight) of a sample. Eq. (1) (which is known as ''Gy's formula'') was derived in the limiting case of correct sampling (Gy, 1979 (Gy, , 1988 , though it is clear from Gy's derivation that the formula may also provide an approximation in case of near-correct sampling. The parameters f, g, l, c are defined in terms of the particle masses, particle volumes, particle concentrations and numbers of particles in the size-density fractions of the population (Gy, 1979 (Gy, , 1988 and can therefore be regarded to be intrinsic material properties.
Eq. (1) can thus be seen to provide a prediction of Var(FSE) based on knowledge of the sample mass (M sample ) and intrinsic material constants (f, g, l, c, D) . The equation can also be used to predict the ''minimum sample mass'', i.e. the mass (or weight) of a sample for which the Relative Standard Deviation (RSD = the square root of the relative variance) equals a tolerated value e (see also e.g. Geelhoed, 2009a) . If the prediction made by Eq. (1) is accurate, the formula is potentially very useful for the practice.
Eq. (1) is often represented in the following compacted form (Minnitt and Assibey-Bonsu, 2010) :
where K is the product fglcD 3Àa , a is an empirically to be determined parameter that attempts to make K independent on D. Bartlett and Hawkins (1987) to calculate the minimum sample size (at e = 8%) for the sampling of gold ore.
Using typical values for the various factors, the authors arrived at a minimum sample size of about 9 Â 10 5 kg. This very large mass was evaluated by Bartlett and Hawkins (1987) as being higher than the factually required sample masses. Bartlett and Hawkins (1987) therefore questioned the underlying assumptions of Gy's formula. Box et al., 1978; Merks, 1985) . Bartlett and Hawkins (1987) and Bartlett and Viljoen (2002) did not, however, subject the underlying assumptions of Eqs. (1) and (2) to a detailed investigation. One important underlying assumption of Gy's model is the assumption of independent particle selections: Gy's theoretical derivation of Eq. (1) is based on modeling the sampling process as independent particle selections. From a theoretical standpoint, however, particle selections may be dependent even if sampling is correct (Geelhoed, 2007) . Var Gy (FSE) therefore indeed does not necessarily have to provide an accurate prediction or estimation of the actual variance of the Fundamental Sampling Error, denoted by Var(FSE). In Appendix A, a thoughtexperiment is described that illustrates the effect dependent particle selections may have on the sampling variance. This article, however, looks at the issue from a more experimental standpoint. Therefore, in the next section, recent experimental evidence concerning the ability of Var Gy (FSE), given by Eq. (1), to accurately predict Var(FSE) is presented.
Experimental evidence
In this section, three recent experimental studies are discussed: (i) a study by Geelhoed et al. (2009) using a mixture of zirconium particles, (ii) a study by Lyn et al. (2007) of a batch of peanuts contaminated with aflatoxins, and (iii) a study of the sampling of broken ore from three gold mines by Minnitt and Assibey-Bonsu (2010).
2.
1. An experimental study using zirconium particles (Geelhoed et al., 2009) A critical experimental test of Eq. (1) would typically consist of measuring f, g, l, c, and D for a certain population and taking a large number (n) samples of a certain sample mass M sample from that population where each sample is taken after thorough mixing of the population. Using Eq. (1) and the data on f, g, l, c, D and M sample , the variance prediction of Gy's formula is calculated and the series of samples is used to derive an experimentally observed variance.
The parameter n should be selected sufficiently high so that the experimentally observed variance will lie within a sufficiently narrow confidence interval (e.g. ±5%) around to the true sampling variance. Comparison of the experimentally observed variance (which represents Var(FSE) because of the thorough mixing) with the theoretical prediction of Gy's TOS (Var Gy (FSE)), taking into account the finite number of degrees of freedom (n À 1) for the experimentally observed sampling variance, will subsequently show whether Var Gy (FSE) differs (statistically) significantly from Var(FSE).
This experiment was recently performed for the first time (Geelhoed et al., 2009 ) using a mixture of zirconium particles. The mixture consisted of approximately 13 kg of ''small'' particles (0.8-1.0 mm) and approximately 13 kg of ''large'' particles (2.0-2.5 mm). The product of f, g, l, c, and D 3 was determined directly by referring to a more basic equation in Gy's theory that is however equivalent to Eq. (1). The number of degrees of freedom was 66.
The ratio of observed relative sampling variance (which is an estimate of Var(FSE)) and Var Gy (FSE) was experimentally found to be F = 60, which is (according to the statistical F-test with 66 degrees of freedom) highly significant. This result is a strong indication that Var Gy (FSE) does not provide an accurate prediction for Var(FSE). Repeating the experiment with a different type of mixer, a Vrieco Nauta Mixer supplied by Hosokawa Micron BV Doetinchem (type 020-FFC-50) resulted in a similar outcome: F = 45 at (n À 1) = 48 degrees of freedom (see Appendix B). This result (again) strongly indicates that Var Gy (FSE) does indeed not provide an accurate prediction for Var(FSE).
2. An experimental study of aflatoxins in peanuts (Lyn et al., 2007) In a case study of sampling pistachio nuts for aflatoxins (Lyn et al., 2007) a comparison was made between (i) Gy's formula (Eq. (1)) and (ii) an estimate of Var(TSE) obtained using an empirical method based on multiple samples. The estimate of Var(FSE) derived from Eq. (1) was found to be 37-fold greater than the estimate of Var(TSE) using the empirical approach adopted by Lyn et al. However, according to Eq. (3) Var(FSE) cannot exceed Var(TSE), i.e.: Var(FSE) 6 Var(TSE). This inequality is violated when using Var Gy (FSE) as an estimate for Var(FSE) for the case study. This violation seems to indicate a discrepancy between the actual Var(FSE) and the prediction using Gy's formula (Eq. (1)).
A further analysis by Geelhoed (2009b) suggested that the estimation uncertainty associated with the estimate of Var(TSE) during the empirical approach of Lyn et al. (2007) could account for this violation instead. However, a reply by Ramsey and Thompson (2009) , which was supported by results from a bootstrapping simulation, argued that the binomial model used by Geelhoed (2009b) can lead to a substantial overestimate of both the uncertainty and its confidence interval and would therefore be ineffective for explaining the violation of the inequality implied by Eq. (3) when Var Gy (FSE) is used as a prediction for Var(FSE).
Analysis of recently published data (Minnitt and Assibey-Bonsu, 2010)
Recently, results for applying the Duplicate Sampling Analysis (DSA) method and the Heterogeneity Test (HT) on broken ore from three gold mines (Mponeng mine, Kloof mine and Lily mine) were reported (Minnitt and Assibey-Bonsu, 2010) .
Detailed descriptions of both the DSA method and the HT can be found in Minnitt and Assibey-Bonsu (2010) . HT provides a numerical estimate of Var Gy (FSE) by sampling particles randomly one at a time (i.e. particles are selected independently as assumed by the derivation of the formula for Var Gy (FSE) in Gy's TOS). The HT obtains in this way an estimate of Var Gy (FSE) at a specific value of D and M sample . By application of Eq. (1) this estimate can be used to calculate the Gy prediction Var Gy (FSE) at different values of M sample as well (this because f, g, l, c, and D are intrinsic material properties that are independent on M sample ).
The DSA method obtains an estimate of Var(FSE) + Var(GSE) plus other possible relative variance components. The estimate obtained using the DSA method can be interpreted here as an estimate for Var(TSE) (see also Eq. (3)). Hence, the DSA method provides a series of estimates for Var(TSE) as a function of D at an (approximately) constant average M sample .
Using the reported data (Minnitt and Assibey-Bonsu, 2010 ) the relative variances obtained by both the DSA method and the HT were calculated. The calculation that was applied here used Robust Analysis of Variance as described by the Analytical Methods Committee (1989) to accommodate (but not to reject) outlying values (values are considered to be outlying when they deviate more than three times the standard deviation from the average). The extra variability in the results caused by the finite analytical precision was also accounted for.
In Fig. 1 , the thus obtained variance estimates of the DSA method and the HT are graphically depicted. It can be seen that while for the Mponeng mine the HT and DSA method results are compatible, for the Kloof and Lily mines the estimate for Var Gy (FSE) provided by the HT is substantially higher than the estimate for Var(TSE) provided by the DSA method at the same particle size D. These latter results are in correspondence with the results of the Lyn et al. (2007) study, which also indicate a violation of the inequality (Var(FSE) 6 Var(TSE)) when Var Gy (FSE) is used to predict Var(FSE). This suggests that Var Gy (FSE) is an inaccurate estimate of Var(FSE).
Conclusion and outlook
Experimental evidence supports the conclusion that Gy's formula does not provide an accurate prediction of the variance of the Fundamental Sampling Error. The TOS can be generalized by taking into account dependencies between particle selections (Geelhoed, 2005 (Geelhoed, , 2007 and by replacing the concepts of Constitution Heterogeneity (CH) and Distribution Heterogeneity (DH) with the more general concept of Constitution Complexity (CC) (Geelhoed, 2010) . These generalizations offer an outlook at deriving an improved equation for the estimation/prediction of Var(FSE).
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Appendix A. Thought-experiments demonstrating the effect of dependent particle selections on the sampling variance Three thought-experiments are described in which a population consisting of two kinds of particles (5000 white particles and 5000 black particles) is sampled. Each particle has a particle mass of 1.0 g and a particle diameter of 1 cm. It is further assumed that the concentration of the property of interest is 0.0 g/g in the white particles and 1.0 g/g in the black particles.
A.1. Thought-experiment I
As a first step, we perform the thought-experiment using independent particle selection as in Gy's model. Each particle is independently subjected to a probabilistic process whereby the particle is either selected (with probability 0.1) or not selected (with probability 0.9). After subjecting all particles in the population to these probabilistic selections, a sample is obtained. The average number of particles in a sample using this sampling process will be (5000 + 5000) Â 0.1 = 1000. Repeating this process 10 5 times using a computer (each time starting with an initial population of 5000 white particles and 5000 black particles) resulted in 10 5 samples, from which an observed sampling variance was calculated. The thus observed sampling variance is 0.000226 which is in good agreement with the theoretical prediction made by Eq.
(1) (this thought-experiment was also described by Geelhoed et al., 2009) .
A.2. Thought-experiment II
We now modify the above thought-experiment. Suppose the 5000 black particles and 5000 white particles are separated: the black particles are put in Heap A; the white particle in Heap B. A first particle is selected either from Heap A (with probability 0.5) or from Heap B (with probability 0.5). All next particles are selected in the same way: either from Heap A (with probability 0.5) or from Heap B (with probability 0.5). The sampling process stops when a sample of 1000 particles has thus been formed. Using a computer the above-described thought-experiment was performed. It was repeated 10 5 times (each time starting with full Heaps A and B). A sampling variance of 0.000249 was observed, which is in good agreement with the variance obtained when using independent selections as assumed by Gy's model. Although the population was completely segregated into two heaps, the agreement is no surprise, as the selection of which heap to sample (A or B) was each time made randomly and independently on the previously selected particles. The effect the segregation may have on the sampling variance was thus cancelled by the frequent switches between heaps.
A.3. Thought-experiment III Finally, the above thought-experiment is modified so that dependent particle selections are obtained. Again the 5000 black particles and 5000 white particles are separated: the black particles are put in Heap A; the white particle in Heap B. A first particle is again selected either from Heap A (with probability 0.5) or from Heap B (with probability 0.5). All next particles are selected using the following modification of the previous thought-experiment: if the previous particle was taken from Heap A, the next particle will be taken either from Heap A (with a probability 0.2) or from Heap B (with probability 0.8). Conversely, if the previous particle was taken from Heap B, the next particle will be taken either from Heap A (with probability 0.8) or from Heap B (with probability 0.2). The sampling process stops when a sample of 1000 particles has thus been formed. This modification of thought-experiment II will increase the average frequency of switching between heaps (which will lead to a reduction of the sampling variance as demonstrated below). It is noted that this process is a representation of dependent particle selections, as opposed to independent particle selections. The selection of a particle depends on the kind (black or white) of the previously selected particle.
Using a computer the above-described thought-experiment was performed. It was repeated 10 5 times (each time starting with full Heaps A and B). A sampling variance of 0.0000623 was observed, which is a factor 3.6 lower the variance obtained when using independent selections as assumed by Gy's model.
A.4. Final remarks
Although these thought-experiments clearly show that dependent particle selections indeed can have a significant influence on the magnitude of the sampling variance, practical sampling will generally not consist of separate selections of individual particles. Rather, sampling is generally incremental, where increments can easily contain 10 6 particles or more. This incremental way of sampling is one of the main reasons why the assumption of independent particle selections fails. This was acknowledged by Gy in a later publication (Gy, 2004b) .
Appendix B. Second Zr experiment
The data given in this appendix are derived from an experiment that is similar to the experiment described by Geelhoed et al. (2009) . In the here-described second experiment, a Vrieco Nauta Mixer supplied by Hosokawa Micron BV Doetinchem (type 020-FFC-50) was used instead of a mixer with a central tapered screw (CT-20 of Hosokawa Micron BV) that was used in the original first experiment.
Results of the second Zr experiment:
Sample no. Concentration of ''large'' particles (g/g) Gy's TOS prediction of the variance caused by the Fundamental Sampling Error = 0.96 Â 10 À7 (see Geelhoed et al., 2009 ). Number of degrees of freedom (n À 1) = 48.
It is noted that the concentration of ''large'' particles in the population was slightly lower than 0.5; the sample results in the above table correctly reflect this. No sampling bias was detected.
